SpaceTime and Gravity: Assignment 2 Solutions

September 24, 2013

In what follows, unless otherwise stated, we will use units such that the
speed of light, ¢ = 1.

1.

For angle # measured in radians we have r = af and sin(f) = £. We want
to obtain the circumference of the inner circle of radius x, i.e. 27z.
So

= = sin0) (1)
r = asin(i) 2)
= asin(}) (3)
mr = 27Tasin(g) (4)
c = 27Tasin(£) (5)

as required.

So why is the value of m wrong in the Bible? We imagine that the cast
bronze was built on a curved surface as in the diagram. To obtain the correct
value of m we would need to take the x variable as our radius, not the actual
”rim to rim” distance which they took. However we can estimate the radius of
the curved surface the bronze was built on to obtain the seemly incorrect value
of m. We are given the circumference of the circle ¢ = 30 cubits and the "rim to
rim” radius 2r = 10 cubits. So, by expanding sin(f) in a power series,

x> 2’

sin(x):x—g—l—ﬁ— ..... (6)



we obtain

¢ = 27rasin(£) (7)
- 27ra<2—£(1)+...) (8)
so = (M) o
_ 6(227::”30) (10)

- % (11)

= 9.61cubits (12)

It is the notion of intrinsic curvature which is key here. Curvature is not some-
thing some outside obersver has to tell you about, you can do local experiments
to determine the curvature of the space you are in. It is intrinsic to the space
in question.

2.
We are given the definition of the variable
z=x+TY (13)
where
T=7 +im (14)

and we are asked to compute the line element

ds* = dzdz (15)
So
ds® = dzdz (16)
= (dz + 7dy)(dx + Tdy) (17)
= da’ + (1 +im)dydx + (11 — im)dydx + (18 + 72)dy? (18)
da? + 21y dydz + |72 dy? (19)

[For the interested reader. So why is it important to sometimes introduce
complex coordinates? Here is an example: Imagine you are given a line element
of the form

ds® = dt* + dx* (20)

then if we substitute the complex coordinates z = Ae*+@) and z = Ae(t—i®)

then the line element becomes
ds* = A*e*'dzdz (21)

And by a convenient choice of A we can put this into the form ds? = dzdz. This
is amazing! We see that we can map the infinite past ¢ = —oo to a point on a



two dimensional plane z = Z = 0 and the rest of the temporal coordinate to a
radial one. This is the first step in the conformal field theory of the propagating
closed string]]

3.
We are given the flat space Minkowski line element

ds® = —dt* + da* + dy® + dz* (22)

and we are asked to perform a coordinate substitution of the form

x = rsin(0) cos(9) (23)
= rsin(f)sin(¢) (24)
z = rcos(h). (25)

Note that these are 3d spherical polar coordinates so we expect our final line
element to have some degree of spherical symmetry. So

dx = drsin(0) cos(¢) + r cos(6) cos(¢)dd — rsin(0) sin(¢)de (26)
dy = drsin(0)sin(¢) + rcos(0) sin(¢)dd + rsin(6) cos(¢)d¢ (27)

dz = drcos() —rsin(9)dd (28)
and
dz® = dr?sin®(6) cos?(¢) + 2drr cos() sin(8) cos? (¢)df — 2rdr sin® () sin(¢) cos(p)de
472 cos? (6 )c052(¢)d02 — 2r% sin(f) cos(6) cos(¢) sin(¢)dfde
412 sin? () cos? (p)do
dy?> = dr*sin®(0)sin®(¢) + 2rdrsin(f) cos(#) sin?($)dh + 2rdr sin®(6) sin(¢) cos(¢)de
+72 cos?(f) 51n2(¢)d02 + 212 cos(0) sin(6) cos(¢) sin(¢)dfde
+72 sin% () cos?(p)do
dz? = dr®cos®(0) — 2rdr cos(6) sin(0)df + r* sin(0)d6?

Which means

de® + dy? +dz*> = dr?sin®(0) + 2drr cos(#) sin(0)d6 + 12 cos?(0)dh?* + 12 sin?(0)d¢?
+dr? cos? () + 2 sin?(0)d#* — 2drr cos(6) sin(6)db
= dr® +r2d6? 4 r*sin*(0)dp?

Which is the spherically symmetric line element.
Finally we perform the light-cone transformations so that

u = t—r (29)
= t+r (30)
Inverting these relations yields
i - du —2+- dv (31)
dr - dv ; du (32)



So

1
—dt? = —z(alu2 + dv* + 2dudv) (33)
1
dr? = Z(dv2 + du® — 2dudv) (34)
Which yields
2 1 2 2 1 2 2 1 2 2 2
ds® = —7(du® + dv® + 2dudv) + 7 (dv® + du® — 2dudv) + 2 (v* + u® — 20u)db

1
—i—Z(vQ +u? — 2vu) sin’(0)dp?

(u? + v? — 2uv)

1 (d6? + sin®(0)dp?).

= —dudv+
u and v are called light-cone coordinates because they ”sit” on the light-cone.
Plotting the ¢ versus r graph we see that u and v parametrize the light cone of
the theory.

1 Summary of Important points
1.Curvature is an intrinsic property of any space.

2.Co-ordinate transformations only change the form of the line-element, not the
physics it describes.



